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In this article, we present a necessary condition and a necessary and suﬃcient
condition for a class of functions to be completely monotonic.
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1 Introduction andmain results
Recall [] that a function f is said to be completely monotonic on
R
+ := (,∞)
if f has derivatives of all orders on R+ and for all n ∈N :=N∪ {}
(–)nf (n)(x)≥ , x ∈R+.
Here and throughout the paper,N is the set of all positive integers. The set of all completely
monotonic functions on R+ is denoted by CM(R+).
Bernstein [] proved that a function f on the intervalR+ is completely monotonic if and





Also recall [] that a positive function f is said to be logarithmically completely mono-




](n) ≥ , x ∈R+.
The class of all logarithmically completely monotonic functions on R+ is denoted by
LCM(R+).
It was proved [] that a logarithmically completely monotonic function is also com-
pletely monotonic.
There is a rich literature on completely monotonic, logarithmically completely mono-
tonic functions and their applications. For more recent work, see, for example, [–].
© 2015 Guo; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly credited.
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is called the psi or digamma function, and the ψ (k) for k ∈ N are called the polygamma
functions.
In this article, we give two necessary conditions and a necessary and suﬃcient condition
for a class of functions
fa,b,c(x) := (x + a) lnx – x – ln(x + b) + c, x ∈R+, ()
where a, c ∈ R, b ≥  are parameters, to be completely monotonic. The main results are
as follows.
Theorem  A necessary condition for the function fa,b,c(x) to be completely monotonic on
the interval (,∞) is that
b – a =  , ()
 < b≤  , ()
and
c≥ ln√π . ()
Corollary  A necessary condition for the function fa,b,c(x) to be completely monotonic on
the interval (,∞) is that












a necessary and suﬃcient condition for the function fa,b,c(x) to be completely monotonic on
the interval (,∞) is that
b – a =  ()
and
c≥ ln√π . ()
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2 Lemmas
We need the following lemmas to prove our main results.
Let the α be real parameters, β a non-negative parameter. Deﬁne
gα,β (x) :=
xx+β–α
ex(x + β) , x ∈R
+.











β =  and α ≥ .


















3 Proof of themain results






fa,b,c(x)≥ , x ∈R+, ()
and fa,b,c(x) is decreasing on R+.
It is well known that (see [, p.])
ln(x + β) =
(
x + β – 
)




, as x→ ∞. ()












, as x→ ∞. ()
From () and (), we get

 – b + a≥
ln
√
π – c +O(/x)




π – c +O(/x)
lnx → , as x→ ∞, ()
from () we have
b – a≤  . ()
On the other hand, since fa,b,c(x) is decreasing on R+, from (), we obtain
( 








≤ fa,b,c(τ ), as x→ ∞, ()
where, in (), τ is a ﬁxed number in R+.
Equation () is equivalent to

 – b + a≤
ln
√
π +O(/x) – c + fa,b,c(τ )
lnx , as x→ ∞. ()
It is easy to see that
ln
√
π +O(/x) – c + fa,b,c(τ )
lnx → , as x→ ∞. ()
Then from () we have
b – a≥  . ()
Combining () and () gives
b – a =  . ()













→ , as x→ ∞, ()
Guo Journal of Inequalities and Applications  (2015) 2015:11 Page 5 of 7
from () we have
c≥ ln√π . ()
We note that











By Lemma , if
b >  ,
then
b – a≥ b >  , ()
which contradicts (); if
b = ,
by Lemma , we get
b – a≥ , ()
which is another contradiction to (). So we have proved that
 < b≤  . ()
The proof of Theorem  is thus completed. 
Proof of Corollary  This follows from () and ().
The proof of Corollary  is completed. 
Proof of Theorem  By Theorem , the condition is necessary.
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Then from (), we have, for n ∈N,
(–)nf (n)a,b,c(x)≥ , x ∈R+. ()
In particular,
f ′a,b,c(x)≤ , x ∈R+. ()




 – b + a
)






, as x→ ∞. ()
If
b – a = 
and
c≥ ln√π ,
from (), we obtain
lim
x→∞ fa,b,c(x) = c – ln
√
π ≥ . ()
Therefore
fa,b,c(x)≥ limx→∞ fa,b,c(x)≥ , x ∈R
+, ()





The proof of Theorem  is hence completed. 
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